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Abstract We study dynamics of a two-dimensional s-wave superconductor in the
presence of a moving single vortex. Our analysis is based on the quasiclassical the-
ory including the Hall term, generalized by Kita[T. Kita, PRB, 64, 054503 (2001)].
We numerically calculate the linear response of a moving single vortex driven by a
dc external current in a self-consistent way, in the sense that Dyson equation, gap
equation, Maxwell equations and generalized quasiclassical equation are solved
simultaneously. We obtain Hall conductivity induced by vortex motion using the
generalized quasiclassical equation, while we confirm that it vanishes in the con-
ventional quasiclassical equation.
PACS numbers: 73.50.Jt,47.32.C-,74.20.Rp
1 Introduction
One of the long-standing and unsettled issues in vortex physics is microscopic cal-
culation flux-flux Hall conductivity. Although there exist lots of references on mi-
croscopic calculation on Hall effect in vortex states1,2, self-consistent calculations
that cover both clean and dirty superconductors have not yet been reported. For
example, in the pioneering work3 on microscopic calculation of Hall conductivity
of single vortex for clean s-wave superconductor in the Gor’kov formalism, only
the contribution of quasiparticles bounded near vortex cores has been taken into
account. Self-consistent calculation for vortex system in the Gor’kov formalism is
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2numerically prohibitive because this formalism contains high energy normal-state
properties unnecessary to calculate low energy properties.
What we imply by ‘self-consistent calculation’ is the calculation that yields
a set of green function and electromagnetic field satisfying the Dyson equation,
gap equation, Maxwell equations as well as equation of motion of Green func-
tion. Importance of self-consistency in the calculation of vortex dynamics lies,
as emphasized by Eschrig et al.4, in the fact that the charge conservation is not
necessarily guaranteed in non-self-consistent calculations.
The quasiclassical theory1,5,6,7 of superconductivity describes low-energy prop-
erties and it can be derived from Gor’kov theory by integrating out high-energy
and short-distance properties. This theory proved to be very useful for description
of many properties in superconducting single vortex systems1. Self-consistent lin-
ear response of single vortex with respect to ac electric field has been obtained4
within the Eilenberger-Eliashberg theory5,6 (which we refer to as the ‘conven-
tional’ quasiclassical theory ). This theory is, however, unable to describe the flux
flow Hall effect in the mixed state of superconductors.
To overcome this difficulty, several authors8,9,10 generalized the quasiclassical
theory such that the Hall effects are taken into account. While these generalized
quasiclassical theories open a route to self-consistent calculation of Hall effect in
vortex states, no reports have been done on self-consistent calculation on the basis
of those theories.
In this paper, we present the results of self-consistent calculation of general-
ized quasiclassical equation derived by Kita10,11 and discuss the linear response
Hall conductivity of a moving single vortex driven by external current. We also
compare our results with those obtained by the conventional quasiclassical equa-
tion.
2 Model
We consider two-dimensional s-wave superconductors. The quasiclassical theory
is formulated in terms of the quasiclassical Nambu-Keldysh propagator gˇε(pf,r, t)
in Nambu-Keldysh space, and a function of energy ε , and momenta pf on the
Fermi surface, position r and time t . The Fermi wave vector and velocity are given
by kf = pf/h¯, and vf = pf/m. Hereafter, we sometimes drop the subscript f in pf
for convenience. We denote usual Nambu-Keldysh matrices : gˇ =
(
gˆR gˆK
0 gˆA
)
with
gˆR,A,K =
(
gR,A,K f R,A,K
− f †,R,A,K g¯R,A,K
)
1,10
. The transport equation is given by
[ετˇ3 + σˇ , gˇ]◦+ ih¯vf ·∂rgˇ+ h¯2 Og{τˇ3, gˇ}= 0. (1)
Here σˇ ≡ σˇ imp− ˇ∆ is the difference of impurity self-energy in the Born approx-
imation σˇ impε (r, t) and the matrix for pair-potential ˇ∆ . The former is given by
σˇ impε (r, t) =
ih¯
2τn 〈gˇε(p,r, t)〉p, with the relaxation time τn in the normal state. We
introduce the notation 〈· · ·〉p =
∫ dθp
2pi (· · ·) with pf = (cosθp,sinθp) for the aver-
age on the two-dimensional Fermi surface. The notation ˇ∆ denotes the matrix ˇ∆ =
3(
ˆ∆ 0
0 ˆ∆
)
whose element is given by ˆ∆ =
(
0 −∆
∆ ∗ 0
)
with the pair-potential ∆ =
∆ (r, t) satisfying the weak-coupling gap equation ∆ (r, t)=NfV
∫ 〈 f Kε (p,r, t)〉p dε4 .
In eq. (1), τˇ3 =
(
τˆ3 0
0 τˆ3
)
with τˆ3 =
(
1 0
0 −1
)
, [A,B]◦= A◦B−B◦A, {A,B}=
AB+BA. The notation A◦B is defined by
A◦B≡ exp[ ih¯2 (∂ε ∂t′ −∂t∂ε ′ +∂r ·∂p′−∂p ·∂r′)]Aε(p,r, t)Bε ′(p′,r′, t ′)
∣∣∣
ε ′,p′,r′,t′→ε ,p,r,t
.
Here the gauge invariant derivatives are given by
∂t =
∂
∂ t , ∂r =
∂
∂ r on g, g¯, E, B (2)
∂t =
∂
∂ t +
2ieΦ
h¯ , ∂r =
∂
∂ r −
i2eA
h¯ on f , ∆ (3)
∂t =
∂
∂ t −
2ieΦ
h¯ , ∂r =
∂
∂ r +
i2eA
h¯ on f
†, ∆ ∗. (4)
Here the charge unit e is taken to be negative. We denote the vector potential
A and the scalar potential Φ , which are related with electromagnetic fields as
E = −∇Φ − ∂ A∂ t , B = ∇×A. In the last term in the right-hand side of eq. (1),
which we call ‘the Hall term’ in the following part, we introduce the notation10
Og = e(vf×B) · ∂∂ p + evf ·E
∂
∂ ε . (5)
Normalization condition on the green function is expressed in terms of the local
density of state N(r,ε) as N(r,ε)/Nf → 1 at |ε/∆∞| ≫ 1, where
N(r,ε) =
Nf
2
〈[gRε (p,r)−gAε (p,r)]〉p, (6)
with the density of states Nf at the Fermi surface in the normal state; Nf = |pf|/(2pi h¯2|vf|)
for two-dimensional system of particles with the paraboric dispersion. ∆∞ denotes
the modulus of the pair-potential in the bulk. We also solve the Maxwell equation
∇ ·E= ρε , ∇×B= µj. The current and charge density around the vortex are given
by
j(r, t) = eNf
∫
〈vf[gKε (p,r, t)− g¯Kε (p,r, t)]〉p
dε
4
(7)
ρ(r, t) = eNf
∫
〈[gKε (p,r, t)+ g¯Kε (p,r, t)]〉p
dε
4
. (8)
The scalar electric potential does not appear in the electron density in terms of
the gauge-invariant Green function12. However the electron density involves the
scalar electric potential and the effect of screening which leads to the condition
of local charge neutrality. Thus, we approximate the permeability µ and dielectric
constant ε as those in vacuum µ0 and ε0.
4In the linear response, we split the physical quantities O(= gˇ, ˇ∆ , σˇ imp,A,Φ)
into an unperturbed part and a term of first order in the perturbation8,1
O(r, t) = O0(r, t)+δO(r). (9)
We solve the generalized quasiclassical equation in a self-consistent way nu-
merically. The numerical procedure of calculating the generalized quasiclassical
equation is similar to a self-consistent calculation described in Ref. 4. The self-
consistent solution of the quasiclassical equations ensures the conservation law of
the charge density ∂tρ +∇ · j(r) = 0 within the linear response. We take the qua-
siclassical parameter kfξ = 50 with the coherent length ξ = h¯vf/(pi∆∞). We also
take the impurity scattering rate in the normal state Γn = 0.1∆∞,with Γn = h¯2piτn . In
this paper, we choose a low temperature T = 0.3Tc and vv = |vv|xˆ to see the Hall
effect clearly.
3 Results
3.1 Equilibrium case
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Fig. 1 (Color online) Local density of states for the generalized quasiclassical equation (a) and
the conventional quasiclassical equation (b). The dotted lines represent the dispersion relation
eqs. (10) and (11).
Figure 1(a) shows LDOS (6) in the equilibrium case for the generalized qua-
siclassical equation including the Hall term. For comparison, we show LDOS for
the conventional quasiclassical equation in Fig. 1(b). Using the generalized qua-
siclassical equation, we obtain asymmetric LDOS as a function of ε in contrast to
the conventional equation.
Low energy excitations near a single vortex are exhausted by the Caroli-de
Gennes-Matricon mode13, or the Andreev bound states1,14,15, the dispersion of
which is given as a function of impact parameter r,
ε = E(r)≡ r
C
∫
∞
0
|∆0(s)|√
r2 + s2
e−u(s)ds, C ≡
∫
∞
0
e−u(s)ds, (10)
5with
u(s)≡ 2h¯|vf|
∫ |s|
0
|∆0(s′)|ds′. (11)
In Fig. 1(a)(b), the overall peak structures in the LDOS can be fitted by the
dispersion Eq. (10). This observation confirms validity of our calculation.
By a close inspection of Fig. 1 (a), we can see that the main peak at the core in
the generalized quasiclassical equations is situated on the positive energy side, in
contrast to (b). This shift of the main peak originates from the Hall term. Similar
shifts have been obtained by STS measurements16,17.
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Fig. 2 Radial profiles of the modulus of the pair-potential (a) and circular current density (b).
Lines represent Eq. 12 scaled by j0 = 2|e|Nfvf∆∞.
Another check of validity can be done by examining the spatial dependence
of the pair-potential and the circular current density near the vortex center. Fig-
ure 2 shows the modulus of the pair-potential and the circular current density as
functions of the radial coordinate from the vortex center. We see that the spatial
dependence near the vortex center is steep. This shrinkage of vortex core at tem-
peratures much lower than the transition temperature was found and discussed by
Kramer and Pesch14; we can obtain the initial slope of |∆0(r)| and that of the
modulus of the current density, respectively, as
|∆0(r)| → pi h¯|vf|NfV8C
rE ′(r)r=0
2kBT
, | j(r)| → pi h¯Nf|e||vf|
2
8C
rE ′(r)r=0
kBT
(12)
along a calculation similar to that in Ref. 13. Here V denotes the strength of attrac-
tion in the weak-coupling regime, (NfV )−1 = ln
(
T
Tc
)
+∑εc/(2pikBT )m=0 1m+1/2 , with
the cut-off frequency εc. We see that the relations (12) hold in Fig. 2.
3.2 Linear responses
In Fig. 3, we show electric field distributions for the generalized quasiclassical
equation and radial profiles of the ‘average’ electric field, 〈Ey〉r = |
∫
EydS|/(|vv|).
We can check that the Josephson relation in the flux flow state 〈E〉 = 〈B〉 ×
vv
18 holds, where 〈 〉 denotes the spatial average. The Josephson relation in the
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Fig. 3 (a) Electric field distributions for the generalized quasiclassical equation. (b) Radial pro-
files of the ‘average’ electric field, 〈Ey〉r .
present case reduces to limr→∞〈Ey〉r = pi h¯/|e|. We see that this relation holds in
Fig. 3(b).
Figure 4 shows the spatial distribution of current density induced by vor-
tex motion for the generalized quasiclassical equation (a) and the conventional
Eilenberger-Eliashberg equation (b). We see that there exists the Hall current den-
sity in (a) while there does not in (b). We also confirm that the current density
j(r) approaches a constant vector j tr far away from the vortex core ( j tr is iden-
tified as the transport current density). We can thus obtain the flux flow ohmic
(longitudinal) σO = jtr,y/〈Ey〉 and Hall conductivities σH = jtr,x/〈Ey〉 using the
generalized quasiclassical equation and obtain σO ≃ 0.68σB and σH ≃ −0.32σB
with σB = Nf pfvf|e|/B. We confirm that the generalized quasiclassical equation
captures the Hall effect.
4 Conclusion
On the self-consistent numerical calculation of the generalized quasiclassical equa-
tion, we have observed (i) asymmetric local density of states and the shift of the
main peak at the core and (ii) the Hall effect. We also checked that these results
(i) and (ii) originate from the Hall term and are not obtained by the conventional
quasiclassical equation.
The ‘original’ generalized quasiclassical equation Eq. (54) in Ref.10 has an ex-
tra term O f and Og has a more complicated form. In our model, we assume that E
and B vary slowly in time, we then have that O f ≃ 0 and Eq. (5). This assumption
is expected to be valid in the calculation of dc conductivity. In this paper, we chose
the quasiclassical parameter kfξ = 50 and fixed Γn = 0.1∆∞ to see the Hall effects
clearly. In this case, we found that O f and the difference between the ‘original’
Og and Eq. (5) are negligibly small (less that 3%). For most of actual type-II su-
perconductors, the quasiclassical parameter should be kfξ = 1000 ∼ 10000. The
calculation for the system with kfξ ∼ 1000 is thus a future problem.
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Fig. 4 Current distributions for the generalized quasiclassical equation (a) and the conventional
Eilenberger-Eliashberg equation (b). The velocity of vortex is taken to be parallel to the x-
direction.
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